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This book provides an introduction to the theory of connection
matrices in the context of combinatorial multivector fields. The theory
of connection matrices was proposed by Conley and Franzosa for
classical continuous-time dynamical systems as a tool for studying
connecting orbits between isolated invariant sets. It generalizes the
Morse complex in Morse theory, and has found numerous applications

in dynamics. Connection matrices have been and still are a challenging

topic to study, as there are no complete introductory texts, and both
their intricate definition and properties are scattered over numerous
research papers. In recent years, dynamical concepts have found their
way into a combinatorial context. Starting with combinatorial vector

fields, introduced by Forman to generalize classical Morse theory, it has

been realized that this transfer of ideas can lead to important
applications. Similarly, Conley's theory of isolated invariant sets has



been transferred to the combinatorial setting. This, when combined
with the concept of multivector fields, opens the door to a complete
combinatorial dynamical theory. In this book, we take Conley's theory
one step further, by presenting a complete discussion of connection
matrices for combinatorial multivector fields. While some of the results
in this book are based on known approaches, we show in a detailed
way how they can be carried over to the case of multivector fields on
general Lefschetz complexes. Along the way, we introduce notions
which are new even in the classical setting, such as a formal approach
to addressing the nonunigueness of connection matrices, as well as
mechanisms for comparing connection matrices even under poset
changes. Finally, we show that specifically for the case of Forman's
gradient combinatorial vector fields connection matrices are necessarily
unique, and can be determined explicitly in a straightforward way.
Focusing on the combinatorial theory of connection matrices has a
number of advantages. On the one hand, many of the technical
difficulties of the classical continuous-time dynamics situation are not
present in the discrete combinatorial context. This allows us to provide
a complete and informal introduction to the theory in the second
section of the book. This in turn will enable the readers to construct
and analyze their own examples easily. On the other hand, the
complete theory, including the existence of connecting orbits in the
combinatorial setting can be presented in detail, based on an explicit
distinction between the algebraic and topological parts of the theory. In
this way, it is our hope that this book will be an impetus for further
knowledge transfer between dynamics and combinatorics, and even
topological data analysis. This text is aimed at researchers in the fields
of dynamics and topological data analysis, and it is suitable for
advanced graduate students interested in applying connection matrix
methods to their own studies.



